INTRODUCTION
The conditions for the static equilibrium of an elastic body are described by an elliptic system of nine partial differential equations for the displacements and stresses. This paper describes a finite difference scheme which can be solved by standard direct or iterative methods and yields a solution which approximates smooth displacements with second-order accuracy.
Iterative techniques can be attractive as a means of solving three-dimensional problems because they minimize storage requirements and present an algorithmic structure well-suited to advanced computer architectures. For material problems_ these features can be useful for solving layered composite materials as well as materials with nonlinear properties.
As described here, a serious limitation of this method vis-a-vis finite element methods is that it is applicable only to bodies which can be subdivided into cube-like volume cells. However, a means of removing this restriction will be described in another paper.
Part I describes an algebraic approximation to the equilibrium conditions in a cell as expressed by tractions and displacements on the surface of the cell. The condition that traction forces balance across cell faces leads to an algebraic condition for equilibrium between any neighboring cells expressed solely in terms of displacements. A finite-sum approximation to the work due to tractions leads to an energy estimate and to a variational description of the algebraic equilibrium equations.
Part II illustrates this development for an isotropic material using a plane stress assumption to reduce the problem to two dimensions. Several simple iteration schemes are used to investigate the numerical convergence of the method when a singularity is present.
The methods described in this paper are closely related to those described by the authors in the context of a simpler problem [I] .
PART I
General Development
The Equilibrium Problem
In this section we describe the equilibrium equations for an elastic body and attempt to motivate the origin of the finite difference scheme which will be described in the following section.
We consider a material body occupying a domain _ on whose boundary, r,
I
)T n_ is an outward unit normal; _ = uI, u2, u3 denotes the displacement vector, T = (!i, !2' !3) the symmetric stress tensor, and € = (_i' !2' !3 ) the symmetric strain tensor.
In the absence of body forces, the equations of equilibrium are described by the following system of first-order partial differential equations: On the boundary surface F, we let p _ T.n denote the traction due to the stress. Then boundary conditions associated with (I) solving the difference scheme is given in the following section.
We suppose that _ can be partitioned into regular cubical cells whose 
divh _ _ 61 u I + 62 u2 + 63 u3"
Finally, we write
The If the strain tensor (g) is eliminated from these equations there thus results a system of 18 algebraic equations for the 18 components of u__ and the 18 components of the tractions on the faces of a cell.
We now indicate how (10) leads to a finite-sum energy estimate. Recall that the work W done on the body can be evaluated from (i) by the use of integration-by-parts and the use of Gauss" Theorem with the result
For finite differences summation-by-parts results from the identity
using (6). Also, using (7), Gauss' Theorem holds in the form
in which Ay is the area of a face of a cell on which n_n -is the outward normal.
Using (12) , As mentioned earlier we will describe elsewhere how these ideas may be adopted to treat cells having general shapes. For this reason we shall not present here the details of the convergence argument as it applies to (I0) except to cite the result: the solution u h of (10) converges to the solution u_ of (I) with accuracy 0(h 2) in an _2-norm while ph(uh )
converges to p(u) with an accuracy 0(h). These remarks apply, of course, only to sufficiently smooth solutions of (1).
An important feature of the compact scheme (10) is that it only employs values of the displacements and tractions which arise as average values on cell sides. This is in contrast to many finite element methods which employ edge and vertex values of u.
Solution Method
The compact scheme (I0) may be solved by direct algebraic techniques such -13-Ê arlier remarks show that this system has a unique solution for _(y) unless rI = ¢.
We now give the explicit result of applying (28) We call (32) the stress-eliminated form of the compact scheme (I0).
In summary, then, the system of equilibrium equations (28) 
or, in terms of the displacement _, uI n u2 _11 = _ _x I + 8x 2 (33) T22 = n _xl uI + _ _x2 u2 _ 1 r12 = _21 2°(_x2 ul + _xI u2)"
The parameters _ _ and o are given in terms of Young's modulus and
Poisson's ratio as follows: In the next section we will compare this and point relaxation methods to a simple problem.
Numerical Example
Consider a square domain on whose vertical edges the displacements are fixed and which experiences a uniform load along its top horizontal surface.
This situation is illustrated in Figure 3 . I -OA = diag(l -2_Io, 0),
It is with the above values of eI and e2 that the results in this section were obtained.
In our experiments we used the point Gauss-Seidel, point SOR and line SOR methods. The parameters for the SOR methods were chosen to be the optimum ones for Laplace's equation. Initially, the value of u was taken to be zero at all the grid points. Keeping in mind that the method can be expected to yield only second-order accuracy, the iterations were terminated when the %2-norm of the residuals was less than 10 -3 .
In Table I we show the dependence of the number of iterations required to attain the convergence criterion on the mesh size for various iterative schemes. These results indicate that the rates of convergence of the GaussSeidel and S0R methods on this problem are 0(h 2) and 0(h) respectively. Table II contains the values of the %2-norms of the solutions to the stresseliminated equations (37) for different grid sizes. 
